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Abstract
In this paper, we introduce the notion of a pre-symplectic algebroid, and show that there is
a one-to-one correspondence between pre-symplectic algebroids and symplectic Lie algebroids.
This result is the geometric generalization of the relation between left-symmetric algebras
and symplectic (Frobenius) Lie algebras. Although pre-symplectic algebroids are not left-
symmetric algebroids, they still can be viewed as the underlying structures of symplectic Lie
algebroids. Then we study exact pre-symplectic algebroids and show that they are classified
by the third cohomology group of a left-symmetric algebroid. Finally, we study para-complex
pre-symplectic algebroids. Associated to a para-complex pre-symplectic algebroid, there is
a pseudo-Riemannian Lie algebroid. The multiplication in a para-complex pre-symplectic
algebroid characterizes the restriction to the Lagrangian subalgebroids of the Levi-Civita con-
nection in the corresponding pseudo-Riemannian Lie algebroid.
1 Introduction
Left-symmetric algebras (or pre-Lie algebras) arose from the study of convex homogeneous cones
[27], affine manifolds and affine structures on Lie groups [13], deformation and cohomology the-
ory of associative algebras [9] and then appear in many fields in mathematics and mathematical
physics. See the survey article [2] and the references therein. In particular, there are close relations
between left-symmetric algebras and certain important left-invariant structures on Lie groups like
aforementioned affine, symplectic, Kähler, and metric structures [12, 15, 19, 20].
On the other hand, the notion of a Lie algebroid was introduced by Pradines in 1967, which is a
generalization of Lie algebras and tangent bundles. See [17] for general theory about Lie algebroids.
They play important roles in various parts of mathematics. In particular, the notion of a symplectic
Lie algebroid was introduced in [21], and the geometric construction of deformation quantization
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of a symplectic Lie algebroid was studied there. There are important applications of symplectic
Lie algebroids in geometric mechanics [7, 10, 18]. A symplectic Lie algebroid is a Lie algebroid
equipped with a nondegenerate 2-cocycle. It can be viewed as the geometric generalization of
a symplectic (Frobenius) Lie algebra, which is a Lie algebra g equipped with a nondegenerate
2-cocycle ω ∈ ∧2g∗. There is a one-to-one correspondence between symplectic (Frobenius) Lie
algebras and quadratic left-symmetric algebras, which are left-symmetric algebras together with
nondegenerate invariant skew-symmetric bilinear forms [4]. The relation is given as follows:
symplectic (Frobenius) Lie algebra
x·y=ω♯
−1
ad∗xω
♯(y)
//
quadratic left-symmetric algebra.
commutator
oo
In [16], we introduced the notion of a left-symmetric algebroid1, which is a geometric gener-
alization of a left-symmetric algebra. We developed the basic theory of left-symmetric algebroids
and gave applications in Poisson algebras, symplectic Lie algebroids and complex Lie algebroids.
In this paper, first we introduce the notion of a pre-symplectic algebroid which is a geometric
generalization of a quadratic left-symmetric algebra. We would like to point out that one of the
nontriviality is that a pre-symplectic algebroid is not a left-symmetric algebroid. More impor-
tantly, there is a one-to-one correspondence between symplectic Lie algebroids and pre-symplectic
algebroids (Theorem 3.7 and Theorem 3.9). This result generalizes the relation between sym-
plectic (Frobenius) Lie algebras and quadratic left-symmetric algebras. In terms of commutative
diagram, we have
symplectic (Frobenius) Lie algebra
x·y=ω♯
−1
ad∗xω
♯(y)
//
geometrization

quadratic left-symmetric algebra
geometrization

commutator
oo
symplectic Lie algebroid
e1⋆e2=ω
♯−1(Le1ω
♯(e2)+
1
2
d(ω(e1,e2)))
//
pre-symplectic algebroid.
commutator
oo
Diagram I
A pre-symplectic algebroid is defined to be a quadruple (E, ⋆, ρ, (·, ·)−), where E is a vector bundle
over M , ⋆ is a multiplication on the section space Γ(E), ρ : E −→ TM is a bundle map and
(·, ·)− is a nondegenerate skew-symmetric bilinear form such that some compatibility conditions
are satisfied. Even though a pre-symplectic algebroid is not a left-symmetric algebroid, its Dirac
structures are all left-symmetric algebroids. The notion of a Dirac structure was invented to
treat in the same framework of Poisson structures and symplectic structures [5]. There is a one-
to-one correspondence between Dirac structures in a pre-symplectic algebroid and Langrangian
subalgebroids in the corresponding symplectic Lie algebroid. Moreover, associated to any left-
symmetric algebroid A, there is a canonical pre-symplectic algebroid structure on A ⊕ A∗, which
is called the pseudo-semidirect product of A and A∗.
Then we study exact pre-symplectic algebroids (E, ⋆, ρ, (·, ·)−) with respect to the left-symmetric
algebroid T∇M associated to a flat manifold (M,∇). By choosing an isotropic splitting, E is iso-
morphic to TM ⊕ T ∗M as vector bundles. The pre-symplectic algebroid structure on TM ⊕ T ∗M
is a twist of the pseudo-semidirect product by a 3-cocycle. Consequently, we classify exact pre-
symplectic algebroids by the third cohomology group of the left-symmetric algebroid T∇M . This
result is parallel to Ševera’s result on the classification of exact Courant algebroids [24].
1Recently, we realize that this structure was already studied by Nguiffo Boyom in [22] under the name of Koszul-
Vinberg algebroids. See also [23] for more details about the relation with Poisson manifolds.
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Finally we study para-complex pre-symplectic algebroids, which are the underlying structures
of para-Kähler Lie algebroids. Para-Kähler Lie algebroids were introduced by Leichtnam, Tang
and Weinstein in [14] to describe the deformation quantization near a strictly pseudoconvex bound-
ary. See [1, 6, 11] for more details for para-Kähler Lie algebras and para-Kähler manifolds. In
the recent work [26], Vaisman studied generalized para-Kähler manifolds. In this paper, we in-
troduce the notion of a para-complex pre-symplectic algebroid. There is a natural example of
para-complex pre-symplectic algebroid constructed from a pseudo-semidirect product. We prove
that there is a one-to-one correspondence between para-Kähler Lie algebroids and para-complex
pre-symplectic algebroids (Proposition 5.11). Given a para-Kähler Lie algebroid, there is an as-
sociated pseudo-Riemannian Lie algebroid satisfying some compatibility conditions. We find that
the multiplication in a para-complex pre-symplectic algebroid (E, ⋆, ρ, (·, ·)−, P ) coincides with the
Levi-Civita E-connection in the corresponding pseudo-Riemannian Lie algebroid (E, [·, ·]E , ρ, g) re-
stricting to the Lagrangian subalgebroids (Proposition 5.12). This provides potential applications
of pre-symplectic algebroids in these areas.
The paper is organized as follows. In Section 2, we give a review on left-symmetric algebras, Lie
algebroids and left-symmetric algebroids. In Section 3, we introduce the notion of pre-symplectic
algebroids and give their relation with symplectic Lie algebroids. In Section 4, we study exact
pre-symplectic algebroids and give their classification. In Section 5, we study para-complex pre-
symplectic algebroids and give their applications.
Throughout this paper, all the algebras and vector spaces are assumed to be finite-dimensional,
although many results still hold in the infinite-dimensional cases. All the vector bundles are over
the same manifold M . For two vector bundles A and B, a bundle map from A to B is a base-
preserving map and C∞(M)-linear.
Acknowledgement: We give our warmest thanks to Zhangju Liu and Jianghua Lu for very useful
comments and discussions.
2 Preliminaries
• Left-symmetric algebras
Definition 2.1. A left-symmetric algebra is a pair (g, ·g), where g is a vector space, and
·g : g⊗ g −→ g is a bilinear multiplication satisfying that for all x, y, z ∈ g, the associator
(x, y, z) , x ·g (y ·g z)− (x ·g y) ·g z (1)
is symmetric in x, y, i.e.
(x, y, z) = (y, x, z), or equivalently, x ·g (y ·g z)− (x ·g y) ·g z = y ·g (x ·g z)− (y ·g x) ·g z.
For all x ∈ g, let Lx and Rx denote the left and right multiplication operators respectively, i.e.
Lx(y) = x ·g y, Rxy = y ·g x, ∀ y ∈ g.
The following conclusion is known [2]:
Lemma 2.2. Let (g, ·g) be a left-symmetric algebra. The commutator [x, y]g = x ·g y − y ·g x
defines a Lie algebra gc, which is called the sub-adjacent Lie algebra of g and g is called a
compatible left-symmetric algebra on the Lie algebra gc. Furthermore, L : gc → gl(g) gives a
representation of the Lie algebra gc.
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A nondegenerate skew-symmetric bilinear form (·, ·)− on a left-symmetric algebra (d, ·d) is
called invariant if
(a ·d b, c)− + (b, [a, c]d)− = 0. (2)
A quadratic left-symmetric algebra is a left-symmetric algebra equipped with a nondegenerate
skew-symmetric invariant bilinear form.
• Lie algebroids
Definition 2.3. A Lie algebroid structure on a vector bundle A −→M is a pair that consists of
a Lie algebra structure [·, ·]A on the section space Γ(A) and a bundle map aA : A −→ TM , called
the anchor, such that the following relation is satisfied:
[x, fy]A = f [x, y]A + aA(x)(f)y, ∀ f ∈ C∞(M).
For a vector bundle E −→M , let D(E) be the gauge Lie algebroid of the frame bundle F(E),
which is also called the covariant differential operator bundle of E.
Let (A, [·, ·]A, aA) and (B, [·, ·]B, aB) be two Lie algebroids (with the same base), a base-
preserving morphism from A to B is a bundle map σ : A −→ B such that
aB ◦ σ = aA, σ[x, y]A = [σ(x), σ(y)]B .
A representation of a Lie algebroid A on a vector bundle E is a base-preserving morphism ρ
form A to the Lie algebroid D(E). Denote a representation by (E; ρ). The dual representation
of the Lie algebroid A on E∗ is the bundle map ρ∗ : A −→ D(E∗) given by
〈ρ∗(x)(ξ), y〉 = aA(x)〈ξ, y〉 − 〈ξ, ρ(x)(y)〉, ∀ x, y ∈ Γ(A), ξ ∈ Γ(E∗). (3)
For all x ∈ Γ(A), the Lie derivation Lx : Γ(A∗) −→ Γ(A∗) of the Lie algebroid A is given by
〈Lxξ, y〉 = aA(x)〈ξ, y〉 − 〈ξ, [x, y]A〉, ∀y ∈ Γ(A), ξ ∈ Γ(A∗). (4)
A Lie algebroid (A, [·, ·]A, aA) naturally represents on the trivial line bundle E = M×R via the
anchor map aA : A −→ TM . The corresponding coboundary operator d : Γ(∧kA∗) −→ Γ(∧k+1A∗)
is given by
d̟(x1, · · · , xk+1) =
k+1∑
i=1
(−1)i+1aA(xi)̟(x1 · · · , x̂i, · · · , xk+1)
+
∑
i<j
(−1)i+j̟([xi, xj ]A, x1 · · · , x̂i, · · · , x̂j , · · · , xk+1).
In particular, a 2-form ̟ ∈ Γ(∧2A∗) is a 2-cocycle if d̟ = 0, i.e.
aA(x)̟(y, z)−aA(y)̟(x, z)+aA(z)̟(x, y)−̟([x, y]A, z)+̟([x, z]A, y)−̟([y, z]A, x) = 0. (5)
A symplectic Lie algebroid is a Lie algebroid together with a nondegenerate closed 2-form.
A subalgebroid of a symplectic Lie algebroid (A, [·, ·]A, aA, ̟) is called Lagrangian if it is maximal
isotropic with respect to the skew-symmetric bilinear form ̟.
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• Left-symmetric algebroids
Definition 2.4. A left-symmetric algebroid structure on a vector bundle A −→ M is a pair
that consists of a left-symmetric algebra structure ·A on the section space Γ(A) and a vector bundle
morphism aA : A −→ TM , called the anchor, such that for all f ∈ C∞(M) and x, y ∈ Γ(A), the
following conditions are satisfied:
(i) x ·A (fy) = f(x ·A y) + aA(x)(f)y,
(ii) (fx) ·A y = f(x ·A y).
We usually denote a left-symmetric algebroid by (A, ·A, aA).
A left-symmetric algebroid (A, ·A, aA) is called transitive (regular) if aA is surjective (of
constant rank). Any left-symmetric algebra is a left-symmetric algebroid over a point.
Example 2.5. Let M be a differential manifold with a flat torsion free connection ∇. Then
(TM,∇, id) is a left-symmetric algebroid whose sub-adjacent Lie algebroid is exactly the tangent
Lie algebroid. We denote this left-symmetric algebroid by T∇M , which will be frequently used
below.
For any x ∈ Γ(A), we define Lx : Γ(A) −→ Γ(A) by Lx(y) = x ·A y and Rx : Γ(A) −→ Γ(A) by
Rx(y) = y ·Ax . Condition (i) in the above definition means that Lx ∈ D(A). Condition (ii) means
that the map x 7−→ Lx is C∞(M)-linear. Thus, L : A −→ D(A) is a bundle map. Furthermore,
condition (ii) also implies that Rx : Γ(A) −→ Γ(A) is C∞(M)-linear. Define R∗x : Γ(A
∗) −→ Γ(A∗)
by
〈R∗xξ, y〉 = −〈ξ, Rxy〉, ∀x, y ∈ Γ(A), ξ ∈ Γ(A
∗). (6)
Proposition 2.6. [16] Let (A, ·A, aA) be a left-symmetric algebroid. Define a skew-symmetric
bilinear bracket operation [·, ·]A on Γ(A) by
[x, y]A = x ·A y − y ·A x, ∀ x, y ∈ Γ(A).
Then, (A, [·, ·]A, aA) is a Lie algebroid, and denoted by Ac, called the sub-adjacent Lie algebroid
of (A, ·A, aA). Furthermore, L : A −→ D(A) gives a representation of the Lie algebroid Ac.
Theorem 2.7. [16] Let (A, ·A, aA) be a left-symmetric algebroid. Then (Ac ⋉L∗ A∗, [·, ·]S , ρ, ω) is
a symplectic Lie algebroid, where Ac⋉L∗ A
∗ is the semidirect product of Ac and A∗ in which L∗ is
the dual representation2 of L. More precisely, the Lie bracket [·, ·]S and the anchor ρ are given by
[x + ξ, y + η]S = [x, y]A + L∗xη − L
∗
yξ,
and ρ(x+ ξ) = aA(x) respectively. Furthermore, the symplectic form ω is given by
ω(x+ ξ, y + η) = 〈ξ, y〉 − 〈η, x〉, ∀x, y ∈ Γ(A), ξ, η ∈ Γ(A∗). (7)
Let (A, ·A, aA) be a left-symmetric algebroid and E a vector bundle. A representation of
A on E consists of a pair (ρ, µ), where ρ : A −→ D(E) is a representation of Ac on E and
µ : A −→ End(E) is a bundle map, such that for all x, y ∈ Γ(A), e ∈ Γ(E), we have
ρ(x)µ(y)e− µ(y)ρ(x)e = µ(x ·A y)e− µ(y)µ(x)e. (8)
2Note that the definitions of L∗ (see (3)) and the above defined R∗ (see (6)) are not the same.
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Denote a representation by (E; ρ, µ).
At the end of this section, let us recall the cohomology complex with the coefficients in the
trivial representation, i.e. ρ = aA and µ = 0. See [8, 16] for general theory of cohomologies of
right-symmetric algebras and left-symmetric algebroids respectively. The set of (n+1)-cochains is
given by
Cn+1(A) = Γ(∧nA∗ ⊗A∗), n ≥ 0.
For all ϕ ∈ Cn(A) and xi ∈ Γ(A), i = 1, · · · , n + 1, the corresponding coboundary operator δ is
given by
δϕ(x1, · · · , xn+1) =
n∑
i=1
(−1)i+1aA(xi)ϕ(x1, · · · , xˆi, · · · , xn+1)
−
n∑
i=1
(−1)i+1ϕ(x1, · · · , xˆi, · · · , xn, xi ·A xn+1)
+
∑
1≤i<j≤n
(−1)i+jϕ([xi, xj ]A, x1, · · · , xˆi, · · · , xˆj , · · · , xn+1). (9)
3 Pre-symplectic algebroids and symplectic Lie algebroids
In this section, we introduce the notion of a pre-symplectic algebroid. We show that there is a
one-to-one correspondence between pre-symplectic algebroids and symplectic Lie algebroids. Thus,
pre-symplectic algebroids can be viewed as the underlying structures of symplectic Lie algebroids.
Furthermore, there is a natural construction of pre-symplectic algebroids from left-symmetric al-
gebroids (the so-called pseudo-semidirect products).
Definition 3.1. A pre-symplectic algebroid is a vector bundle E → M equipped with a non-
degenerate skew-symmetric bilinear form (·, ·)−, a multiplication ⋆ : Γ(E) × Γ(E) −→ Γ(E), and
a bundle map ρ : E → TM , such that for all e, e1, e2, e3 ∈ Γ(E), f ∈ C∞(M), the following
conditions are satisfied:
(i) (e1, e2, e3)− (e2, e1, e3) = 16DT (e1, e2, e3);
(ii) ρ(e1)(e2, e3)− = (e1⋆e2 − 12D(e1, e2)−, e3)− + (e2, [e1, e3]E)−,
where (e1, e2, e3) is the associator for the multiplication ⋆ given by (1), T : Γ(E)×Γ(E)×Γ(E) −→
C∞(M) is defined by
T (e1, e2, e3) = (e1 ⋆ e2, e3)− + (e1, e2 ⋆ e3)− − (e2 ⋆ e1, e3)− − (e2, e1 ⋆ e3)−, (10)
D : C∞(M) −→ Γ(E) is defined by
(Df, e)− = ρ(e)(f), (11)
and the bracket [·, ·]E : ∧2Γ(E) −→ Γ(E) is defined by
[e1, e2]E = e1 ⋆ e2 − e2 ⋆ e1. (12)
We denote a pre-symplectic algebroid by (E, ⋆, ρ, (·, ·)−).
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Remark 3.2. When M is a point, we recover the notion of a quadratic left-symmetric algebra. It
is well-known that there is a one-to-one correspondence between quadratic left-symmetric algebras
and symplectic (Frobenius) Lie algebras. Note that a symplectic Lie algebroid is a geometric gener-
alization of a symplectic Lie algebra. In the following we will show that a pre-symplectic algebroid
can give rise to a symplectic Lie algebroid. Conversely, one can also obtain a pre-symplectic alge-
broid from a symplectic Lie algebroid. This justifies that a pre-symplectic algebroid is a geometric
generalization of a quadratic left-symmetric algebra as given in Diagram I.
Remark 3.3. A pre-symplectic algebroid, as a geometric generalization of a quadratic left-symmetric
algebra, is not simply a left-symmetric algebroid with a nondegenerate skew-symmetric bilinear form
satisfying certain compatibility conditions. This is quite interesting.
Remark 3.4. In this remark, we point out that the algebraic structure underlying a pre-symplectic
algebroid is a 2-term pre-Lie∞-algebra, or equivalently a pre-Lie 2-algebra [25]. See [3] for more
details about pre-Lie∞-algebras. More precisely, let (E, ⋆, ρ, (·, ·)−) be a pre-symplectic algebroid.
Consider the graded vector space e = e0 ⊕ e1, where e0 = Γ(E) and e1 = Im(D), then (e, l1, l2, l3)
is a 2-term pre-Lie∞-algebra, where li are given by the following formulas:
l1(x) = x, ∀x ∈ e1,
l2(e1 ⊗ e2) = e1 ⋆ e2, ∀e1, e2 ∈ e0,
l2(e⊗ x) = e ⋆ x, ∀e ∈ e0, x ∈ e1,
l2(x⊗ e) = x ⋆ e, ∀e ∈ e0, x ∈ e1,
l3(e1 ∧ e2 ⊗ e3) =
1
6
DT (e1, e2, e3), ∀e1, e2, e3 ∈ e0,
where T is given by (10).
It is obvious that the operator D defined by (11) satisfies the Leibniz rule:
D(fg) = fD(g) + gD(f), ∀f, g ∈ C∞(M). (13)
Proposition 3.5. Let (E, ⋆, ρ, (·, ·)−) be a pre-symplectic algebroid. For all e, e1, e2 ∈ Γ(E), f ∈
C∞(M), we have
e1 ⋆ fe2 = f(e1 ⋆ e2) + ρ(e1)(f)e2 +
1
2
(e1, e2)−Df, (14)
[e1, fe2]E = f [e1, e2]E + ρ(e1)(f)e2, (15)
(fe1) ⋆ e2 = f(e1 ⋆ e2)−
1
2
(e1, e2)−Df. (16)
Proof. On one hand, by condition (ii) in Definition 3.1, we have
ρ(e1)(fe2, e3)− = (e1 ⋆ fe2 −
1
2
D(e1, fe2)−, e3)− + (fe2, [e1, e3]E)−, (17)
ρ(e1)(e2, fe3)− = f(e1 ⋆ e2 −
1
2
D(e1, e2)−, e3)− + (e2, [e1, fe3]E)−. (18)
On the other hand, the Leibniz rule gives
ρ(e1)(fe2, e3)− = ρ(e1)(e2, fe3)− = fρ(e1)(e2, e3)− + (e2, e3)−ρ(e1)(f)
= f(e1⋆e2 −
1
2
D(e1, e2)−, e3)− + f(e2, [e1, e3]E)− + (e2, e3)−ρ(e1)(f). (19)
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By (17) and (19), we have
(e1 ⋆ fe2 −
1
2
D(e1, fe2)−, e3)− = f(e1⋆e2 −
1
2
D(e1, e2)−, e3)− + (e2, e3)−ρ(e1)(f).
Since (·, ·)− is nondegenerate, we have
e1 ⋆ fe2 = f(e1 ⋆ e2) + ρ(e1)(f)e2 +
1
2
(e1, e2)−Df,
which implies that (14) holds.
By (18) and (19), we can get
[e1, fe3]E = f [e1, e3]E + ρ(e1)(f)e3,
which implies that (15) holds.
Finally, by (12), (14) and (15), we can deduce that (16) holds.
Lemma 3.6. Let (E, ⋆, ρ, (·, ·)−) be a pre-symplectic algebroid. Then we have
T (e1, e2, e3) + c.p. = 0, ∀e1, e2, e3 ∈ Γ(E), (20)
where T is given by (10).
Proof. It follows from straightforward calculation.
Theorem 3.7. Let (E, ⋆, ρ, (·, ·)−) be a pre-symplectic algebroid. Then (E, [·, ·]E , ρ, ω = (·, ·)−) is
a symplectic Lie algebroid.
Proof. First, we have
[e1, [e2, e3]E ]E + c.p. =
1
6
DT (e1, e2, e3) + c.p..
By Lemma 3.6, we have
[e1, [e2, e3]E ]E + c.p. = 0.
By (15), we have
[e1, fe2]E = f [e1, e2]E + ρ(e1)(f)e2.
Therefore, (E, [·, ·]E , ρ) is a Lie algebroid.
By condition (ii) in Definition 3.1, we have
ρ(e1)(e2, e3)− = (e1⋆e2 −
1
2
D(e1, e2)−, e3)− + (e2, [e1, e3]E)−;
ρ(e2)(e1, e3)− = (e2⋆e1 −
1
2
D(e2, e1)−, e3)− + (e1, [e2, e3]E)−.
Therefore, we have
ρ(e1)(e2, e3)− − ρ(e2)(e1, e3)−
= (e1⋆e2 − e2⋆e1 −D(e1, e2)−, e3)− + (e2, [e1, e3]E)− − (e1, [e2, e3]E)−
= ([e1, e2]E , e3)− − ([e1, e3]E , e2)− + ([e2, e3]E , e1)− − ρ(e3)(e1, e2)−,
which implies that
dω(e1, e2, e3) = 0.
Thus, (E, [·, ·]E , ρ, ω) is a symplectic Lie algebroid.
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Corollary 3.8. Let (E, ⋆, ρ, (·, ·)−) be a pre-symplectic algebroid. For all e ∈ Γ(E), f ∈ C∞(M),
we have
e ⋆ Df =
1
2
D(Df, e)−. (21)
Proof. For all e′ ∈ Γ(E), by condition (ii) in Definition 3.1, we have
ρ(e)ρ(e′)(f) = ρ(e)(Df, e′)− = (e ⋆ Df −
1
2
D(e,Df)−, e′)− + (Df, [e, e′]E)−
= (e ⋆ Df, e′)− +
1
2
ρ(e′)ρ(e)(f) + [ρ(e), ρ(e′)](f),
which implies that
(e ⋆ Df, e′)− = (
1
2
D(Df, e)−, e′)−.
Since the skew-symmetric bilinear form (·, ·)− is nondegenerate, we deduce that (21) holds.
Given a symplectic Lie algebroid (E, [·, ·]E , ρ, ω), define a multiplication ⋆ : Γ(E) × Γ(E) −→
Γ(E) by
ω(e1⋆e2, e3) = ρ(e1)ω(e2, e3) +
1
2
ρ(e3)ω(e1, e2)− ω(e2, [e1, e3]E), ∀e1, e2, e3 ∈ Γ(E). (22)
Or equivalently,
e1 ⋆ e2 = ω
♯−1(Le1ω
♯(e2) +
1
2
d(ω(e1, e2))). (23)
Actually, by (22), we have
〈ω♯(e1 ⋆ e2), e3〉 = ρ(e1)〈ω♯(e2), e3〉+
1
2
〈d(ω(e1, e2)), e3〉 − 〈ω♯(e2), [e1, e3]E〉
= 〈Le1ω
♯(e2), e3〉+
1
2
〈d(ω(e1, e2)), e3〉.
Therefore, we have
ω♯(e1 ⋆ e2) = Le1ω
♯(e2) +
1
2
d(ω(e1, e2)),
which implies that (22) and (23) are equivalent.
Theorem 3.9. Let (E, [·, ·]E , ρ, ω) be a symplectic Lie algebroid. Then (E, ⋆, ρ, (·, ·)− = ω) is a
pre-symplectic algebroid, and satisfies
[e1, e2]E = e1 ⋆ e2 − e2 ⋆ e1, ∀e1, e2 ∈ Γ(E), (24)
where the multiplication ⋆ is given by (22).
Proof. Since dω(e1, e2, e3) = 0, we have
ω([e1, e2]E , e3)
= ρ(e1)ω(e2, e3)− ρ(e2)ω(e1, e3) + ρ(e3)ω(e1, e2)− ω([e2, e3]E , e1) + ω([e1, e3]E , e2).
On the other hand, by (22), we have
ω(e1 ⋆ e2 − e2 ⋆ e1, e3)
= ρ(e1)ω(e2, e3)− ρ(e2)ω(e1, e3) + ρ(e3)ω(e1, e2)− ω([e2, e3]E , e1) + ω([e1, e3]E , e2).
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Since ω is nondegenerate, we have
[e1, e2]E = e1 ⋆ e2 − e2 ⋆ e1.
By (22), it is straightforward to deduce that condition (ii) in Definition 3.1 holds. For all
e1, e2, e3, e4 ∈ Γ(E), we have
([e1, e2]E ⋆ e3, e4)− = ρ([e1, e2]E)(e3, e4)− +
1
2
ρ(e4)([e1, e2]E , e3)− − (e3, [[e1, e2]E , e4]E)−;
(e1 ⋆ (e2 ⋆ e3),e4)− = ρ(e1)ρ(e2)(e3, e4)− +
1
2
ρ(e1)ρ(e4)(e2, e3)− − ρ(e1)(e3, [e2, e4]E)−
−
1
2
ρ(e4)ρ(e2)(e3, e1)− −
1
4
ρ(e4)ρ(e1)(e2, e3)− +
1
2
ρ(e4)([e1, e2]E , e3)−
+ρ(e2)([e1, e4]E , e3)− −
1
2
ρ([e1, e4]E)(e2, e3)− + (e3, [e2, [e1, e4]E ]E)−;
(e2 ⋆ (e1 ⋆ e3),e4)− = ρ(e2)ρ(e1)(e3, e4)− +
1
2
ρ(e2)ρ(e4)(e1, e3)− − ρ(e2)(e3, [e1, e4]E)−
−
1
2
ρ(e4)ρ(e1)(e3, e2)− −
1
4
ρ(e4)ρ(e2)(e1, e3)− +
1
2
ρ(e4)([e2, e1]E , e3)−
+ρ(e1)([e2, e4]E , e3)− −
1
2
ρ([e2, e4]E)(e1, e3)− + (e3, [e1, [e2, e4]E ]E)−.
Therefore, we obtain(
(e1, e2, e3)− (e2, e1, e3), e4
)
−
= −([e1, e2]E ⋆ e3, e4)− + (e1 ⋆ (e2 ⋆ e3),e4)− − (e2 ⋆ (e1 ⋆ e3),e4)−
=
1
2
ρ(e4)([e1, e2]E , e3)− +
1
4
ρ(e4)ρ(e2)(e1, e3)− −
1
4
ρ(e4)ρ(e1)(e2, e3)−.
On the other hand, by (10) and (22), we have
T (e1, e2, e3) = −
1
2
ρ(e1)(e2, e3)− +
1
2
ρ(e2)(e1, e3)− + ρ(e3)(e1, e2)−
+2([e1, e2]E , e3)− + ([e1, e3]E , e2)− − ([e2, e3]E , e1)−.
By the fact that (·, ·)− = ω is closed, we have
−([e2, e3]E , e1)− + ([e1, e3]E , e2)−
= ([e1, e2], e3)− − ρ(e1)(e2, e3)− + ρ(e2)(e1, e3)− − ρ(e3)(e1, e2)−.
Therefore, we have
T (e1, e2, e3) = 3([e1, e2]E , e3)− +
3
2
ρ(e2)(e1, e3)− −
3
2
ρ(e1)(e2, e3)−,
which implies that
1
6
(DT (e1, e2, e3), e4)− =
1
2
ρ(e4)([e1, e2]E , e3)− +
1
4
ρ(e4)ρ(e2)(e1, e3)− −
1
4
ρ(e4)ρ(e1)(e2, e3)−
=
(
(e1, e2, e3)− (e2, e1, e3), e4
)
−
.
Thus, condition (i) in Definition 3.1 holds.
By Theorem 3.9, we can obtain many examples of pre-symplectic algebroids.
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Example 3.10. Let (A, [·, ·]A, aA) be a Lie algebroid and Λ ∈ Γ(∧2A) an invertible bisection of
A satisfying [Λ,Λ] = 0. Then (A∗, [·, ·]Λ, aA∗ = aA ◦ Λ♯,Λ) is a symplectic Lie algebroid, where
the bundle map Λ♯ : A∗ −→ A is defined by
Λ♯(ξ)(η) = Λ(ξ, η), ∀ξ, η ∈ Γ(A∗),
and the bracket [·, ·]Λ : ∧2Γ(A∗) −→ Γ(A∗) is defined by
[ξ, η]Λ = LΛ♯(ξ)η − LΛ♯(η)ξ − dΛ(ξ, η), ∀ξ, η ∈ Γ(A
∗).
By (23), and the fact
(Λ♯)−1(LξΛ♯(η)) = LΛ♯(ξ)η, (Λ
♯)−1(d∗f) = −df,
the pre-symplectic algebroid structure on A∗ is given by
ξ⋆η = LΛ♯(ξ)η −
1
2
dΛ(ξ, η), ∀ξ, η ∈ Γ(A∗). (25)
Example 3.11. Consider R2n and the standard symplectic structure ω =
∑n
i=1 dxi∧dxn+i. Then
(TR2n, ω) is a symplectic Lie algebroid. By (23), the pre-symplectic algebroid structure is given
by
∂
∂xl
⋆
∂
∂xm
= 0, 1 ≤ l,m ≤ 2n,
∂
∂xl
⋆ f
∂
∂xm
=
∂f
∂xl
∂
∂xm
, (f
∂
∂xl
) ⋆
∂
∂xm
= 0, 1 ≤ l,m ≤ 2n, | l −m |6= n,
∂
∂xi
⋆ f
∂
∂xn+i
=
1
2
( ∂f
∂xi
∂
∂xn+i
+
∂f
∂xn+i
∂
∂xi
)
,
(f
∂
∂xn+i
) ⋆
∂
∂xi
= −
1
2
( ∂f
∂xi
∂
∂xn+i
−
∂f
∂xn+i
∂
∂xi
)
,
(f
∂
∂xi
) ⋆
∂
∂xn+i
=
1
2
( ∂f
∂xi
∂
∂xn+i
−
∂f
∂xn+i
∂
∂xi
)
,
∂
∂xn+i
⋆ f
∂
∂xi
=
1
2
( ∂f
∂xi
∂
∂xn+i
+
∂f
∂xn+i
∂
∂xi
)
.
The following examples is due to the fact that for any regular Poisson manifold (M,π), its
characteristic distribution Im(π♯) ⊂ TM is a symplectic Lie algebroid, where π♯ : T ∗M −→ TM
is given by 〈π♯(ξ), η〉 = π(ξ, η) for all ξ, η ∈ Ω1(M), and the symplectic form is characterized by
ωp(Hf , Hg) = π(df, dg)|p, in which p ∈ M, f, g ∈ C∞(M) and Hf , Hg are Hamiltonian vector
fields.
Example 3.12. Consider the Poisson manifold (R3/{0}, π = x ∂
∂y
∧ ∂
∂z
+ y ∂
∂z
∧ ∂
∂x
+ z ∂
∂x
∧ ∂
∂y
).
Then Im(π♯) is a symplectic Lie algebroid. In the sequel, we give the corresponding pre-symplectic
algebroid structure locally. At any point p = (x, y, z), where y 6= 0,
{e1 = y
∂
∂x
− x
∂
∂y
, e2 = z
∂
∂y
− y
∂
∂z
}
is a basis of Im(π♯p). We know that symplectic leaves are of the form
{(x, y, z) ∈ R3 : x2 + y2 + z2 = r2, r 6= 0}.
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On every symplectic leaf, the symplectic structure is given by ω = ye∗1 ∧ e
∗
2. By (23), we have
e1 ⋆ e2 = −
1
2y
(ze1 + xe2); e2 ⋆ e1 =
1
2y
(ze1 + xe2).
The following example was introduced in [7] which plays an important role in geometric me-
chanics.
Example 3.13. Let (A, [·, ·]A, a) be a Lie algebroid over a manifold M , and τ : A −→ M the
vector bundle projection. Let τ∗ : A∗ −→ M be the vector bundle projection of the dual bundle
A∗. We consider the prolongation Lτ
∗
A of A over τ∗,
Lτ
∗
A = {(x, v) ∈ A× TA∗ | a(x) = Tτ∗(v)},
where Tτ∗ : TA∗ −→ TM is the tangent map of τ∗. Denote by ττ
∗
: Lτ
∗
A −→ A∗ the map given
by
ττ
∗
(x, v) := τA∗(v), ∀(x, v) ∈ Lτ
∗
A,
where τA∗ : TA∗ −→ A∗ is the canonical projection. Now let {xi} be local coordinates on an open
subset U ofM , {eα} a basis of sections of the vector bundle τ−1(U) −→ U and {eα} the dual basis
of {eα}. Then {e˜α, e¯α} is the basis of the vector bundle ττ
∗
((τ∗)−1(U)) −→ (τ∗)−1(U), which is
given by
e˜α(ξ) = (eα(τ∗(ξ)), aiα
∂
∂xi
|ξ),
e¯α(ξ) = (0,
∂
∂yα
|ξ).
Here aiα are the components of the anchor map with respect to the basis {eα}, i.e. a(eα) = a
i
α
∂
∂xi
and {xi, yα} are the corresponding local coordinates on A∗ induced by the local coordinates {xi}
and the basis {eα}. Then the Lie algebroid structure (Lτ
∗
A, [·, ·]τ
∗
, aτ
∗
) on Lτ
∗
A is locally defined
by
[e˜α, e˜β ]τ
∗
= Cγαβ e˜γ ,
[e˜α, e¯β ]
τ∗ = [e¯α, e¯β]τ
∗
= 0,
aτ
∗
(e˜α) = aiα
∂
∂xi
, aτ
∗
(e¯α) =
∂
∂yα
,
where Cγαβ are structure functions of the Lie bracket [·, ·]A with respect to the basis {eα}.
The canonical symplectic section Ω is locally given by
Ω = e˜α ∧ e¯α +
1
2
Cγαβyγ e˜
α ∧ e˜β. (26)
By (23), the pre-symplectic algebroid structure is given by
e˜k ⋆ e˜k = (−aikyγ
∂Cγkm
∂xi
+ CγkmC
p
kryp)e¯m;
e˜k ⋆ e˜l = (C
γ
kmC
p
lryp − a
i
kyγ
∂Cγlm
∂xi
−
1
2
aimyγ
∂Cγkl
∂xi
+
1
2
CpklC
γ
jmyγ)e¯m +
1
2
Cmkl e˜m, k 6= l;
e˜k ⋆ e¯l = −Clkme¯m; e¯l ⋆ e˜k = −C
l
kme¯m; e¯k ⋆ e¯l = 0.
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In [16], we proved that there is a symplectic Lie algebroid Ac ⋉L∗ A∗ associated to any left-
symmetric algebroid A (Theorem 2.7). Now it is natural to investigate the corresponding pre-
symplectic algebroid.
Proposition 3.14. Let (A, ·A, aA) be a left-symmetric algebroid and (Ac ⋉L∗ A∗, ω) the corre-
sponding symplectic Lie algebroid, where ω is given by (7). Then the corresponding pre-symplectic
algebroid structure is given by
(x+ ξ) ⋆ (y + η) = x ·A y + Lxη −R∗yξ −
1
2
d(x+ ξ, y + η)+, (27)
where L and R∗ are given by (4) and (6) respectively and (·, ·)+ is the nondegenerate symmetric
bilinear form on A⊕A∗ given by
(x + ξ, y + η)+ = 〈ξ, y〉+ 〈η, x〉. (28)
We call the above pre-symplectic algebroid the pseudo-semidirect product of the left-
symmetric algebroid (A, ·A, aA) and its dual bundle A∗.
Proof. By (22), for all x, y, z ∈ Γ(A), ξ, η, ζ ∈ Γ(A∗), we have
ω((x+ ξ) ⋆ (y + η), z + ζ)
= ρ(x+ ξ)ω(y + η, z + ζ) +
1
2
ρ(z + ζ)ω(x + ξ, y + η)− ω(y + η, [x+ ξ, z + ζ]S)
= aA(x)(〈η, z〉 − 〈y, ζ〉) +
1
2
aA(z)(〈ξ, y〉 − 〈x, η〉) − 〈η, [x, z]A〉+ 〈y, L∗xζ − L
∗
zξ〉
= aA(x)〈η, z〉 − 〈η, [x, z]A〉 − aA(x)〈y, ζ〉 + 〈y, L∗xζ〉+
1
2
aA(z)〈ξ, y〉 − 〈y, L∗zξ〉 −
1
2
aA(z)〈x, η〉
= 〈Lxη, z〉 − 〈x ·A y, ζ〉 − 〈R∗yξ, z〉 −
1
2
aA(z)(〈ξ, y〉+ 〈x, η〉)
= ω(x ·A y + Lxη −R∗yξ −
1
2
d(x + ξ, y + η)+, z + ζ),
which implies that (27) holds.
Definition 3.15. Let (E, ⋆, ρ, (·, ·)−) be a pre-symplectic algebroid. A subbundle F of E is called
isotropic if it is isotropic under the skew-symmetric bilinear form (·, ·)−. It is called integrable
if Γ(F ) is closed under the operation ⋆. A Dirac structure is a subbundle F which is maximally
isotropic and integrable.
The following proposition is obvious.
Proposition 3.16. Let F be a Dirac structure of a pre-symplectic algebroid (E, ⋆, ρ, (·, ·)−). Then
(F, ⋆|F , ρ|F ) is a left-symmetric algebroid.
Proposition 3.17. There is a one-to-one correspondence between Dirac structures of a pre-
symplectic algebroid (E, ⋆, ρ, (·, ·)−) and Lagrangian subalgebroids of the corresponding symplectic
Lie algebroid (E, [·, ·]E , ρ, ω = (·, ·)−).
Proof. Let F be a Dirac structure of (E, ⋆, ρ, (·, ·)−). By Proposition 3.16, (F, ⋆|F , ρ|F ) is a left-
symmetric algebroid. Then it is straightforward to see that (F, [·, ·]F = [·, ·]E |F , ρ|F ) is a Lagrangian
subalgebroid of the corresponding symplectic Lie algebroid.
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Conversely, assume that (F, [·, ·]E |F , ρ|F ) is a Lagrangian subalgebroid of the corresponding
symplectic Lie algebroid. By (24), for all e1, e2, e3 ∈ Γ(F ) = Γ(F⊥), we have
ω(e1⋆e2, e3) = ρ(e1)ω(e2, e3) +
1
2
ρ(e3)ω(e1, e2)− ω(e2, [e1, e3]E) = 0,
which implies that e1⋆e2 ∈ Γ(F ), i.e. Γ(F ) is closed under the operation ⋆. Therefore, F is a Dirac
structure.
4 Classification of exact pre-symplectic algebroids
In this section, we study exact pre-symplectic algebroids, which can be viewed as twists of the
pseudo-semidirect products by 3-cocycles. In the sequel, (M,∇) is a flat manifold and T∇M is the
associated left-symmetric algebroid given in Example 2.5.
Definition 4.1. Let (M,∇) be a flat manifold. A pre-symplectic algebroid (E, ⋆, ρ, (·, ·)−) is called
exact with respect to the left-symmetric algebroid T∇M if the following short sequence of
vector bundles
0 −→ T ∗M
ρ∗
−→ E
ρ
−→ TM −→ 0
is exact and ρ(e1 ⋆ e2) = ∇ρ(e1)ρ(e2), where ρ
∗ : T ∗M −→ E is given by
(ρ∗(ξ), e)− = 〈ξ, ρ(e)〉, ∀ξ ∈ Ω
1(M), e ∈ Γ(E).
Now choose an isotropic splitting σ : TM −→ E of the above exact sequence. Define φ :
X (M)×X (M) −→ Ω1(M) by
ρ∗φ(x, y) = σ(x) ⋆ σ(y)− σ(∇xy), ∀x, y ∈ X (M). (29)
By Proposition 3.5, we have φ ∈ Γ(⊗3T ∗M). In fact, by (29), we obtain
ρ∗φ(x, fy) = σ(x) ⋆ σ(fy)− σ(∇xfy)
= fσ(x) ⋆ σ(y) + ρ ◦ σ(x)(f)y − fσ(∇xy)− x(f)σ(y)
= fρ∗φ(x, y).
Similarly, we have
ρ∗φ(fx, y) = fρ∗φ(x, y).
Given an isotropic splitting σ, we have E ∼= TM ⊕ T ∗M . Under this isomorphism, the nondegen-
erate skew-symmetric bilinear form (·, ·)− is exactly given by (7), ρ is the projection to the first
summand. Using condition (ii) in Definition 3.1, we can deduce that the multiplication ⋆ is given
by3
(x+ ξ) ⋆ (y + η) = ∇xy + Lxη −R∗yξ −
1
2
d(x+ ξ, y + η)+ + φ(x, y). (30)
By condition (ii) in Definition 3.1, we obtain
〈φ(x, y), z〉 = 〈y, φ(x, z)− φ(z, x)〉, (31)
3It is a twist of the pseudo-semidirect product given by (27).
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which implies that
φ(x, y, z) = φ(x, z, y)− φ(z, x, y). (32)
Therefore, we have
φ(x, y, z) = −φ(z, y, x). (33)
Now we define φ˜ ∈ Γ(∧2T ∗M ⊗ T ∗M) by
φ˜(x, y, z) = φ(x, z, y), ∀x, y, z ∈ X (M). (34)
By (32) and (33), we have
φ˜(x, y, z) + c.p. = 0, ∀x, y, z ∈ X (M). (35)
Proposition 4.2. With the above notations, (TM⊕T ∗M,⋆, ρ, (·, ·)−) is a pre-symplectic algebroid,
where the nondegenerate skew-symmetric bilinear form (·, ·)− is given by (7), ρ is the projection to
the first summand and the multiplication ⋆ is given by (30), if and only if φ˜ is closed, i.e.
δφ˜ = 0. (36)
Here δ is the coboundary operator associated to the left-symmetric algebroid T∇M given by (9).
Proof. First it is straightforward to deduce that condition (ii) in Definition 3.1 holds. Then by
(32), for all x, y, z ∈ X (M) and ξ, η, ζ ∈ Ω1(M), we have
(x+ ξ, y + η, z + ζ)− (y + η, x+ ξ, z + ζ) −
1
6
DT (x+ ξ, y + η, z + ζ)
= φ(x,∇yz)− φ(∇xy, z) + Lxφ(y, z) +R∗zφ(x, y)
−φ(y,∇xz) + φ(∇yx, z)− Lyφ(x, z)−R∗zφ(y, x)
+
1
3
d(φ(x, y, z)− φ(y, z, x)− φ(y, x, z) + φ(x, z, y))
= φ(x,∇yz)− φ(∇xy, z) + Lxφ(y, z) +R∗zφ(x, y)
−φ(y,∇xz) + φ(∇yx, z)− Lyφ(x, z)−R∗zφ(y, x) + d(φ(x, z, y)),
and
〈φ(x,∇yz)− φ(∇xy, z) + Lxφ(y, z) +R
∗
zφ(x, y)
−φ(y,∇xz) + φ(∇yx, z)− Lyφ(x, z)−R∗zφ(y, x) + d(φ(x, z, y)), w〉
= φ(x,∇yz, w)− φ(∇xy, z, w) + xφ(y, z, w)− φ(y, z, [x,w])
−φ(x, y,∇wz)− φ(y,∇xz, w) + φ(∇yx, z, w)− yφ(x, z, w)
+φ(x, z, [y, w]) + φ(y, x,∇wz) + wφ(x, z, y)
= φ(x,∇yz, w)− φ([x, y], z, w) + xφ(y, z, w)− φ(y, z, [x,w])
−φ(x,∇wz, y)− φ(y,∇xz, w)− yφ(x, z, w) + φ(x, z, [y, w]) + wφ(x, z, y)
= φ˜(x,w,∇yz)− φ˜([x, y], w, z) + xφ˜(y, w, z)− φ˜(y, [x,w], z)
−φ˜(x, y,∇wz)− φ˜(y, w,∇xz)− yφ˜(x,w, z) + φ˜(x, [y, w], z) + wφ˜(x, y, z)
= δφ˜(x, y, w, z).
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Therefore, condition (i) in Definition 3.1 holds if and only if φ˜ is closed.
Let σ′ : TM −→ E be another isotropic splitting. Assume that
σ(x) − σ′(x) = θ(x), ∀x ∈ X (M), (37)
where θ : TM −→ T ∗M is a bundle map. Similar to (29), define φ′ : X (M) × X (M) −→ Ω1(M)
by
ρ∗φ′(x, y) = σ′(x) ⋆ σ′(y)− σ′(∇xy), ∀x, y ∈ X (M).
Since both σ and σ′ are isotropic, we have
0 = (σ(x), σ(y))− = (σ′(x) + ρ∗θ(x), σ′(y) + ρ∗θ(y))−
= (ρ∗θ(x), σ′(y))− − (ρ∗θ(y), σ′(x))−
= θ(x, y) − θ(y, x),
which implies that
θ(x, y) = θ(y, x).
Furthermore, by (29) and condition (ii) in Definition 3.1, we have
ρ∗(φ(x, y) − φ′(x, y)) = σ(x) ⋆ σ(y)− σ′(x) ⋆ σ′(y)−
(
σ(∇xy)− σ′(∇xy)
)
= σ′(x) ⋆ ρ∗θ(y) + ρ∗θ(x) ⋆ σ′(y)− ρ∗θ(∇xy)
= ρ∗
(
Lxθ(y)−R∗yθ(x)−
1
2
d(θ(y, x) + θ(x, y))− θ(∇xy)
)
.
Since ρ is surjective, ρ∗ is injective. Therefore, we have
φ(x, y, z)− φ′(x, y, z) = 〈Lxθ(y)−R
∗
yθ(x) −
1
2
d(θ(y, x) + θ(x, y)) − θ(∇xy), z〉
= xθ(y, z)− θ(y, [x, z])− zθ(x, y) + θ(x,∇zy)− θ(∇xy, z)
= δθ(x, z, y).
Equivalently, we have
φ˜(x, z, y)− φ˜′(x, z, y) = δθ(x, z, y). (38)
Now we introduce a new cochain complex, whose third cohomology group classifies exact pre-
symplectic algebroids. Let (A, ·A, aA) be a left-symmetric algebroid. For all x, y, z ∈ Γ(A), define
C˜1(A) = {ϕ ∈ C1(A) | ϕ([x, y]A) = aA(x)ϕ(y) − aA(y)ϕ(x)},
C˜2(A) = {ϕ ∈ C2(A) | ϕ(x, y) = ϕ(y, x)},
C˜3(A) = {ϕ ∈ C3(A) | ϕ(x, y, z) + c.p. = 0},
C˜n(A) = Cn(A), n ≥ 4.
It is straightforward to verify that the cochain complex (C˜n(A), δ) is a subcomplex of the cochain
complex (Cn(A), δ). We denote the n-th cohomology group of (C˜n(A), δ) by H˜n(A).
By (38), we have
Theorem 4.3. Let (M,∇) be a flat manifold and T∇M the associated left-symmetric algebroid.
Then the exact pre-symplectic algebroids with respect to the left-symmetric algebroid T∇M are
classified by the third cohomology group H˜3(T∇M).
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5 Para-complex pre-symplectic algebroids
In this section, we give an important application of pre-symplectic algebroids in the theory of
pseudo-Riemannian Lie algebroids. We introduce the notion of a para-complex pre-symplectic al-
gebroid (E, ⋆, ρ, (·, ·)−, P ), which can give rise to a para-Kähler Lie algebroid (E, [·, ·]E , ρ, ω, P ) and
a pseudo-Riemannian Lie algebroid (E, [·, ·]E , ρ, g). Thus, para-complex pre-symplectic algebroids
can be viewed as the underlying structures of para-Kähler Lie algebroids. Moreover, the multipli-
cation ⋆ in a para-complex pre-symplectic algebroid can characterize the Levi-Civita E-connection
on Lagrangian subalgebroids E+ and E−. This gives a geometric interpretation of the multipli-
cation in a para-complex pre-symplectic algebroid. Furthermore, there is a natural example of
para-complex pre-symplectic algebroid constructed from a pseudo-semidirect product.
5.1 Para-Kähler and pseudo-Riemannian Lie algebroids
Definition 5.1. A para-complex structure on a real Lie algebroid (E, [·, ·]E , ρ) over M is a
bundle map P : E −→ E satisfying P 2 = id and the following integrability condition:
P [e1, e2]E = [P (e1), e2]E + [e1, P (e2)]E − P [P (e1), P (e2)]E , ∀e1, e2 ∈ Γ(E). (39)
We denote
E+m := {x ∈ Em | Pm(x) = x, ∀m ∈M}, E
−
m := {ξ ∈ Em | Pm(ξ) = −ξ, ∀m ∈M}.
It is obvious that E+ and E− are subbundles of E and E is the Whitney sum of E+ and E−, i.e.
E = E+ ⊕ E−.
Proposition 5.2. The integrability condition of P is equivalent to the fact that (E+, [·, ·] |E+ , ρ |E+)
and (E−, [·, ·] |E− , ρ |E−) are subalgebroids of the Lie algebroid (E, [·, ·]E , ρ).
Definition 5.3. A para-Kähler Lie algebroid is a symplectic Lie algebroid (E, [·, ·]E , ρ, ω) with
a para-complex structure P satisfying the following condition:
ω(P (e1), e2) + ω(e1, P (e2)) = 0, ∀e1, e2 ∈ Γ(E). (40)
Denote a para-Kähler Lie algebroid by (E, [·, ·]E , ρ, ω, P ) or simply by (E,ω, P ).
Remark 5.4. The notion of a para-Kähler Lie algebroid was originally introduced in [14], in
which a para-Kähler Lie algebroid is a symplectic Lie algebroid with two transversal Lagrangian
subalgebroids. Our definition of a para-Kähler Lie algebroid is equivalent to the one given in [14].
In fact, if A1 and A2 are two transversal Lagrangian subalgebroids of a symplectic Lie algebroid
(E,ω), define P : E −→ E by
P (x+ ξ) = x− ξ, x ∈ Γ(A1), ξ ∈ Γ(A2). (41)
Then (E,ω, P ) is a para-Kähler Lie algebroid in the sense of Definition 5.3.
Conversely, let (E,ω, P ) be a para-Kähler Lie algebroid in the sense of Definition 5.3. By
(40), both (E+, [·, ·] |E+ , ρ |E+) and (E
−, [·, ·] |E− , ρ |E−) are isotropic subalgebroids. Since Γ(E) =
Γ(E+)⊕Γ(E−), (E+, [·, ·] |E+ , ρ |E+) and (E
−, [·, ·] |E− , ρ |E−) are Lagrangian subalgebroids of the
symplectic Lie algebroid (E,ω).
Recall that a pseudo-Riemannian Lie algebroid is a Lie algebroid (E, [·, ·]E , ρ) with a
pseudo-Riemannian metric g.
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Definition 5.5. A connection ∇g is called a Levi-Civita E-connection associated to the pseudo-
Riemannian metric g if for all e1, e2, e3 ∈ Γ(E), the following two conditions are satisfied:
(i) ∇g is metric. i.e. ρ(e1)g(e2, e3) = g(∇ge1e2, e3) + g(e2,∇
g
e1
e3);
(ii) ∇g is torsion free. i.e. [e1, e2]E = ∇ge1e2 −∇
g
e2
e1.
The Levi-Civita E-connection∇g associated to the pseudo-Riemannian metric g can be uniquely
determined by the following formula
2g(∇ge1e2, e3) = ρ(e1)g(e2, e3) + ρ(e2)g(e1, e3)− ρ(e3)g(e1, e2)
+g([e3, e1]E , e2) + g([e3, e2]E , e1) + g([e1, e2]E , e3), ∀e1, e2, e3 ∈ Γ(E). (42)
Let (E,ω, P ) be a para-Kähler Lie algebroid. Define g ∈ ⊗2E∗ by
g(e1, e2) := ω(e1, P (e2)), ∀e1, e2 ∈ Γ(E). (43)
By (40), g is symmetric. By the non-degeneracy of ω, g is non-degenerate. Therefore, g is a
pseudo-Riemannian metric on A.
Proposition 5.6. Let (E,ω, P ) be a para-Kähler Lie algebroid. Then (E, g) is a pseudo-Riemannian
Lie algebroid, where g is given by (43). Furthermore, for all e1, e2 ∈ Γ(E), we have
∇ge1P (e2) = P (∇
g
e1
e2), (44)
g(P (e1), P (e2)) = −g(e1, e2). (45)
Proof. By (40) and (43), it is straightforward to deduce that (45) holds. Now we prove that (44)
holds. For all e ∈ Γ(E), y, z ∈ Γ(E+), since Γ(E+) is a Lagrangian subalgebroid and ω is closed,
we have
2g(∇gey, z) = ρ(e)g(y, z) + ρ(y)g(e, z)− ρ(z)g(e, y)
+g([z, e]E, y) + g([z, y]E, e) + g([e, y]E , z)
= −ρ(e)ω(y, z) + ρ(y)ω(e, z)− ρ(z)ω(e, y)
+ω([z, e]E, y) + ω([y, z]E, e) + ω([e, y]E, z)
= −dω(e, y, z) = 0,
which implies that g(∇gey, z) = 0. Thus, for all e ∈ Γ(E), y, z ∈ Γ(E
+), we have
g(∇geP (y), z) = g(∇
g
ey, z) = 0.
On the other hand, by (40), we have
g(P (∇gey), z) = ω(P (∇
g
ey), P (z)) = −ω(∇
g
ey, P
2(z)) = −g(∇gey, z) = 0,
which implies that
g(∇geP (y), z) = g(P (∇
g
ey), z), ∀e ∈ Γ(E), y, z ∈ Γ(E
+). (46)
For all e ∈ Γ(E), y ∈ Γ(E+), ξ ∈ Γ(E−), we have
g(∇geP (y), ξ) = g(∇
g
ey, ξ) = −g(∇
g
ey, P (ξ)) = g(P (∇
g
ey), ξ). (47)
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By (46) and (47), we deduce that
∇geP (y) = P (∇
g
ey), ∀e ∈ Γ(E), y ∈ Γ(E
+).
Similarly, we have
∇geP (ξ) = P (∇
g
eξ), ∀e ∈ Γ(E), ξ ∈ Γ(E
−).
(44) follows immediately.
Corollary 5.7. For all e ∈ Γ(E), we have ∇geΓ(E
+) ⊆ Γ(E+) and ∇geΓ(E
−) ⊆ Γ(E−).
Proposition 5.8. Let (E, [·, ·]E , ρ) be a Lie algebroid with a pseudo-Riemannian metric g. Let
P : E −→ E be a bundle map satisfying P 2 = id, (44) and (45). Then there is a natural non-
degenerate closed 2-form defined by
ω(e1, e2) = g(e1, P (e2)), ∀e1, e2 ∈ Γ(E). (48)
Furthermore, (E,ω, P ) is a para-Kähler Lie algebroid.
Proof. It follows from the same proof of Proposition 5.6.
5.2 Para-complex structures on pre-symplectic algebroids
Definition 5.9. Let (E, ⋆, ρ, (·, ·)−) be a pre-symplectic algebroid. A para-complex structure
on E is a bundle map P : E −→ E satisfying the algebraic conditions:
P 2 = id, (P (x), P (y))− = −(x, y)−, ∀x, y ∈ Γ(E), (49)
and the integrability condition:
P (e1 ⋆ e2) = P (e1) ⋆ e2 + e1 ⋆ P (e2)− P (P (e1) ⋆ P (e2)), ∀e1, e2 ∈ Γ(E). (50)
We call a pre-symplectic algebroid (E, ⋆, ρ, (·, ·)−) with a para-complex structure P a para-complex
pre-symplectic algebroid.
Denote a para-complex pre-symplectic algebroid by (E, ⋆, ρ, (·, ·)−, P ).
Let us also denote
E+m := {x ∈ Em | Pm(x) = x, ∀m ∈M}, E
−
m := {ξ ∈ Em | Pm(ξ) = −ξ, ∀m ∈M}.
By the algebraic condition (49), E+ and E− are isotropic subbundles of vector bundle E over M
and E is the Whitney sum of E+ and E−, i.e. E = E+ ⊕E−. By the integrability condition (50),
we have
Lemma 5.10. Let P be a para-complex structure on a pre-symplectic algebroid (E, ⋆, ρ, (·, ·)−).
Then E+ and E− are transversal Dirac structures of the pre-symplectic algebroid (E, ⋆, ρ, (·, ·)−).
Proposition 5.11. Let (E, ⋆, ρ, (·, ·)−, P ) be a para-complex pre-symplectic algebroid. Then
(E, [·, ·]E , ρ, ω = (·, ·)−, P ) is a para-Kähler Lie algebroid.
Conversely, if (E, [·, ·]E , ρ, ω, P ) is a para-Kähler Lie algebroid, then (E, ⋆, ρ, (·, ·)− = ω, P ) is
a para-complex pre-symplectic algebroid.
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Proof. It is easy to see that the integrability condition (50) implies the integrability condition
(39). By (49), we can deduce that (40) holds. Thus, (E, [·, ·]E , ρ, ω = (·, ·)−, P ) is a para-Kähler
Lie algebroid.
Conversely, if (E, [·, ·]E , ρ, ω, P ) is a para-Kähler Lie algebroid, by the fact that E+ and E−
are two transversal Lagrangian subalgebroids, we can deduce that the integrability condition (50)
holds. We omit details.
Proposition 5.12. Let (E, ⋆, ρ, (·, ·)−, P ) be a para-complex pre-symplectic algebroid. Then (E, g)
is a pseudo-Riemannian Lie algebroid, where g is the pseudo-Riemannian metric defined by (43),
in which ω = (·, ·)−. Furthermore, for all x, y ∈ Γ(E+) and ξ, η ∈ Γ(E−), we have
∇gxy = x ⋆ y, ∇
g
ξη = ξ ⋆ η,
where ∇g is the Levi-Civita E-connection defined by (42).
Proof. By Proposition 5.11 and Proposition 5.6, (E, g) is a pseudo-Riemannian Lie algebroid. For
all x, y ∈ Γ(E+), ξ ∈ Γ(E−), by the fact that E+ is isotropic and condition (ii) in Definition 3.1,
we have
(x ⋆ y, ξ)− = ρ(x)(y, ξ)− − (y, [x, ξ]A)−.
By (43) and condition (i) in Definition 5.5, we have
g(x ⋆ y, ξ) = ρ(x)g(y, ξ)− g(y, [x, ξ]A) = ρ(x)g(y, ξ)− g(y,∇gxξ) = g(∇
g
xy, ξ).
On the other hand, for x, y, z ∈ Γ(E+), we have g(x ⋆ y, z) = g(∇gxy, z) = 0. Thus, for all
x, y ∈ Γ(E+), we have ∇gxy = x ⋆ y. Similarly, for all ξ, η ∈ Γ(E
−), ∇gξη = ξ ⋆ η.
Remark 5.13. The above result means that the pre-symplectic algebroid structure can characterize
the restriction to Lagrangian subalgebroids of the Levi-Civita E-connection ∇g in the corresponding
pseudo-Riemannian Lie algebroid.
Example 5.14. Consider the pre-symplectic algebroid (E = A⊕A∗, ⋆, ρ, (·, ·)−) given in Proposi-
tion 3.14, where ⋆ is given by (27), (·, ·)− is given by (7) and ρ = aA. The bundle map P : E −→ E
defined by
P (x+ ξ) = x− ξ, ∀x ∈ Γ(A), ξ ∈ Γ(A∗), (51)
is a para-complex structure on E.
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